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A body of arbitrary convex shape and uniform temperature is thought to be placed in a free- 
molecule gas flow. In the near-equilibrium regime the four Knudsen accommodation coefficients 
suffice to express the drag and absorbed heat flux. Extensions to higher speeds require more infor­
mation — or assumptions — on the gas-surface interaction, as is made clear by the case with 
Ma >  1.

1. Introduction

Expressions for the drag exerted by a gas upon 
convex bodies small compared to the mean free path 
have been derived many times, though always under 
one or another restriction. Epstein1 considered 
slowly moving spheres, and Waldmann2 extended 
his results to bodies of arbitrary convex shape. 
Higher speeds were admitted by several authors3, 
who also investigated heat exchange and other ef­
fects. In most of this work either specular reflection 
or perfect accommodation was assumed, or a com­
bination of both — i. e. Maxwell's boundary condi­
tion. This is equivalent to assuming all accommoda­
tion coefficients as being equal. A more flexible 
model involving two parameters was considered by 
Cercignani and Lampis 4.

Only in a recent investigation for spherical par­
ticles did Williams5 permit arbitrary gas-surface 
scattering kernels P (v '-+ v ) .  However, because 
realistic data for such kernels are lacking, the final 
calculations were still carried out for simplified 
models, and the role of the accommodation coeffi­
cients was not completely clarified.

The principal aim of the present contribution is 
to supplement Williams' work by showing (Sect. 2) 
that in the near-equilibrium regime (M a ^ l ,  small 
temperature difference), drag and heat flow can be 
evaluated in terms of the four Knudsen accommoda­
tion coefficients, without any detailed knowledge of 
the scattering law and without any restrictive as­
sumptions. There will be no need for specialization 
to spheres, since at little cost bodies with arbitrary 
convex shape can be admitted. No such concise re­
sults can be obtained for higher speeds and temper­
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ature differences, except with crude simplifying as­
sumptions (Section 3).

2. Near-Equilibrium Regime

We attach the coordinate system to the body and 
assume a drifting Maxwellian distribution f~ for the 
incident gas molecules, with a drift velocity U and 
a temperature T = T0 + AT different from that of the 
body (T0). Both temperatures shall be uniform. To 
simplify the writing, we only consider a monatomic 
gas, although this restriction is in no way essential. 
If m u2l2 kT0*^1 and AT/Tq 1, we may use the 
approximation
f-(v )= f« (v )

m AT 1 m *'2
! - + - ,  -  2 U-V + -rr,—

(1)

2 kT. 2 kTn

where /° is a Maxwellian in equilibrium with the 
body and corresponding to the same density as 
implied in f~.

The distribution f+ of the scattered molecules in 
the immediate neighborhood of a surface element 
with the outward unit normal Tl is related to f~ 
through

VQf+(V )= J \ Vn' | /- (»') P (V' V) d V  ,
vn'<0

with vn = V-tl, vnf = v ' • 71. We substitute Eq. (1) and 
call upon the reciprocity (detailed balance) rela­
tion6-8,
K ' l  f° (v ')P (v '-* v )  =vnf ° ( v ) P ( - v - > - v ') .  

This results in
f+(V)=fO(V) (2)

m £ AT ( m ~ „ 3
+ 2 i r ,  K + \2kT „ 2
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where the operator P is defined as follows,

PQ (v) = f P ( v R^ v ') Q t v ' ) d h \  (3)
vn'>0

with VR = —Vn + Vt if Vn and Vt are the normal and 
tangential components of V, respectively. The sur­
face is assumed as being isotropic, i.e., P ( v '—>V) 
is invariant against rotation around Tl.

By calculating the incident and reflected fluxes of 
tangential and normal momentum, and of energy, 
we determine the tangential and normal stress and 
the absorbed heat flux as

t  = i  Qv0a22u t , (4)

V = -  [p -  vo(f + «22)U n - ip  au
■(AT/T0) ] n ,  (5)

q = l p [ - a u un + 2v0au  (AT/T0) ] , (6)

where p = n k T  and Q = nm are the pressure and 
density of the gas, and v0= (8 k T jji m)1'*. The 
Knudsen accommodation coefficients appear here9-11 
i.e. those for normal momentum (an ), tangential 
momentum (a22) and energy (a44), and the radio­
metric coefficient (a14). Their definition is

„ = U Q tQ A -iQ tP Q i)]  m  
i} l{Q iQ i)-(Q i)'{Q i)V  K)

with Q 1 = vn, Q2 = vt and = v2. The triangular 
brackets indicate averages over a Maxwellian flux 
corresponding to the temperature of the body,

< - > - ¥  (2 T T ~ ) '{  exP T  2"I r 01 dS" '
un>0

For convenience we have also introduced the coeffi­
cient

t  = 4 — 2 (1 — 4 ti) au  — a22,

whose values are limited by 4 > £ > 1  + 1^  = 2.57 
if both accommodation coefficients are between 0 
and 1.

Equation (4) and the term involving a44 in Eq. 
(6) are well known. The last one in Eq. (5) has 
already been derived by Knudsen 12 as representing 
the free-molecular radiometer pressure, i. e., the ex­
cess pressure caused by the temperature difference 
between a collisionless gas and a surface. In Eq. (6) 
we notice a conjugate term describing the excess 
heat flux caused by the gas flow. All three expres­
sions coincide with the leading terms derived from 
the formulas of Schaaf and Chambre 3, provided that

we assume ali = a11 in Eq. (5), and «14 = 044 in 
Equation (6).

Integration over the surface (total area A) yields 
the final results for the force upon the body and the 
total heat flow,

F =  i  Qv0[a22u  + £(n(g) n) -u ]A , (8)

<P =  lp v 0au (AT/T0)A . (9)

The factor (n(x) n) in Eq. (8) represents the average 
over the surface of the body of a tensor product, 
with the components nirij, i, j  = 1,2, 3. We notice 
that both radiometric effects have dropped out from 
the above first-order approximations.

For a non-spherical body the drag varies with 
orientation, and its direction may deviate from that 
of the flow. Yet, if the body has a center of sym­
metry, the torque with respect to that center clearly 
vanishes.

If the body is rotationally symmetric and the axis 
is parallel to tl, expression (8) simplifies to

F  = I qv0 (a22 + C cos2 ft)uA , (10)

with 0  representing the angle of incidence of the 
flow (u cos$=  —Tl -U). For a rotational ellipsoid 
oriented in the direction of flow cos2 0  can be ex­
pressed in an elementary way, and in the limit of a 
strongly elongated ellipsoid we find cos2/& «  (b/a)2. 
The same result also approximately holds for a 
double cone inscribed to the ellipsoid.

We may introduce the cross section A1 of the 
body, as viewed in the direction U, and study the 
dimensionless coefficient Ct in a modified form of 
Equation (10),

F = Ci pA±Ma

where Ma is the Mach number. Since t  stays finite, 
a question about the lower bound of Cx arises. The 
example with the elongated ellipsoid indicates that 

could be made arbitrarily small, thus giving a 
"perfect slip", if only surfaces with sufficiently 
small a22 were available. Though this is hardly more 
than wishful thinking, it is instructive to find out 
that for the optimal ellipsoid (or double cone) the 
minimum of is of the order of (£a22)l/l.

In case of a sphere (cos2 0  = £), and if an  = a22, 
Eq. (10) agrees with Epstein and Waldmann2. On 
the other hand, Eq. (10) should be compared with 
the corresponding result of Williams 5. A relation­
ship of the first-order Legendre coefficient of his 
global scattering kernel to the accommodation coef-



ficients is derived thereby,

1 - 1
.1 r2 1 2 k 7\,

3 '3 I m v' 2 \ v1 v 0 exp < — ^
0 0

X ox (v' v) dv dv'

. 2 A:7-0j

= a22 + 3 f -  (11)

In the same way, Eq. (9) leads to
oo oo

3 - , M 2 r V j j  J  exp |
0 0

X o0(u' u)dü df' = a44. (12)

With some effort, both indentities can also be veri­
fied in a direct manner.

3. Hypersonic Limit

At intermediate speeds and temperature differ­
ences it appears possible to extend the previous ap­
proach by proceeding up to quadratic terms in the 
Taylor expansion (1) of j~. Improved versions of 
Eqs. (4) — (6), (8), (9) can be derived thereby, 
with the additional terms proportional to u2, 
(AT/T0)2, and uAT/T0. The corresponding coeffi­
cients may be expressed by "second-order" accom­
modation coefficients11-13, which are introduced by 
admitting further polynomials Qi(V) (those known 
from Grad's 13-moments method, supplemented by 
f 4) in the definition (7). Only if some of the accom­
modation coefficients are assumed as equal, will 
such a result coincide with quadratic approximations 
to the formulas of Schaaf and Chambre. On the 
other hand, a comparison to the expressions of Wil­
liams should reveal further identities for the global 
scattering kernel.

For the drag of an axially symmetric body, with 
the axis in the direction of flow, and with AT = 0, 
a continuation of this procedure should lead to

F = p A i  (Cj Ma + Co Ma2 + C3 Ma3 + . . . ) .

If the body has a center of symmetry, the even terms 
obviously vanish, so that at least C3 ought to be con­
sidered, and expressed in terms of "third-order" 
accommodation coefficients. These undoubtedly are 
beyond present possibilities of experimental deter­
mination, so that there is good reason to abandon 
such an approach altogether.

Exact results for arbitrary speeds and tempera­
ture differences can only be derived with full knowl­

edge of the gas-surface scattering kernel, or alter­
natively by adopting models or other simplifying 
assumptions. By way of illustration we review the 
case of the hypersonic limit, M a->cc, which has 
already been considered by several authors 3' 14_1C. 
A vanishing gas temperature is assumed which is 
to say that all the molecules strike the surface with 
the same velocity 11. We shall also take T0 = 0, 
which is justified if the surface is relatively cool 
(A: T0 \ m u2) . Approximately such a regime is 
encountered by a space vehicle in the highest layers 
of the atmosphere, where radiation cooling still out­
weighs frictional heating, or in experiments with 
rarefied free jets.

Now the so called beam accommodation coeffi­
cients 11 must be used, which are functions of the 
incident velocity. Their definition is
a; (u, cos #) = 1 —

[><?i(MR)-(<?i)]/[<?i(MR)-(<?i)],

which in the present case reduces to a;(u, cos$) 
= 1 — P QJQ\ because the (Qj) vanish for T0 = 0.

In the same way as before we find (for cos$>0)

(13)

(14)

(15)

p  = — q un2[2 — ax (u, cosfi) ] n  ,

T = Q ! "n j Wt Oo (U, COS #) ,
q =2 gu2\un \ai (u, cos $),

Integration over the surface of the body now also 
affects the a; because cos# varies with the orienta­
tion of the surface normal. Since insufficient data 
about the coefficients a\{u, cosü) are available, it is 
customary to assume that they are constants in the 
range of interest — though this is hardly ever the 
case. Under such assumption the integration leads to 
the following result for an axially symmetric body 
with the axis parallel to U,

F = Cd I q u2 A l  , (16)
Cd = 2 [a2 + (2 — — a2)cos3 $/cos #], (17)

0  = iQ u3A i a i . (18)

The averages are now taken over the part of the sur­
face exposed to the gas flow. Actually, if the ci\ are 
not constants, more complicated averages than 
shown above are involved, such as (2 — ax — a2) cos3 ft.

Again, in the case of a sphere (cos $ = I , 
cos3 i) = \) we obtain from Eq. (17)

CD = 2 -  ax + a , , 

which has been given by several authors 14' 10.



We may repeat the admittedly academic question 
about the perfect slip. For a2 1 the optimal 
ellipsoid as determined from Eq. (17), is found to
give CD>min «s 8 7i[a2( 2 - a 1) ] I/i.
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